Simulation results for the motion of flexible fibers modeled as rigid spheres connected by ball and socket joints are presented. Simulations of isolated stiff fibers reproduce such features of Jeffery orbits as orbit stability, the dependence of the dimensionless orbit period on only the fiber aspect ratio ͑independent of shear rate and orientation͒, and trajectories identical to those of prolate spheroids of the same equivalent aspect ratio. Simulations of stiff fibers ''pole-vaulting'' near a bounding surface qualitatively reproduce experimental observations. Fiber trajectories are very sensitive to the short-range interactions between a fiber and a bounding surface. In contrast to rigid fibers, flexible fiber orientations drift in unbounded simple shear and parabolic shear flows. The drift direction and rate depend on fiber stiffness, initial orientation, as well as the ambient flow field. A wide variety of configurational dynamics are observed, which also depend on the fiber stiffness, initial orientation, and the ambient flow field. These results agree with previous experimental observations of flexible fibers in shear flows.
I. INTRODUCTION
The translational and rotational dynamics of rigid and flexible fibers are important in a variety of diverse fields. Fiber orientation and spatial distributions play a significant role in such properties of fiber-reinforced composites as elastic moduli, thermal and electrical conductivities, and thermal expansivities. In pulp and paper processing, fiber dynamics and microstructure evolution during the sheet forming process are among the most important factors controlling such properties as sheet strength and optical characteristics. Many previous investigations of fiber dynamics, both experimental and theoretical, have focused on the dynamics of rigid fibers, while relatively little attention has been paid to the more complicated dynamics of flexible fibers. In a previous paper 1 , we presented a mechanical model for flexible fibers and a simulation technique for studying their dynamics in flowing suspensions. The purposes of this paper are to verify that the model and simulation method accurately reproduce a wide variety of theoretical predictions and experimental observations of isolated rigid and flexible fiber dynamics, and to illustrate some of the complicated dynamics of flexible fibers.
Jeffery 2 analyzed the motion of ellipsoids in uniform, creeping shear flow in a Newtonian fluid. For a prolate spheroid of aspect ratio a r (ϵ major axis length 2a/minor axis length 2b) in an ambient simple shear flow, U ϱ ϭ(␥ y,0,0), the angular motion of the spheroid is described by 
͑2͒
where is the angle between the fiber's major axis and the vorticity axis (Z axis͒, is the angle between the Y -axis and the XY -projection of the fiber axis ͑see This analysis predicts that a prolate spheroid will repeatedly rotate through the same orbit, that the orbit period is independent of the initial orientation or orbit constant C, and that the particle will not migrate across streamlines.
To compare experimental observations with Jeffery's predictions, it is convenient to observe a spheroid's projection in the XY , XZ or Y Z planes. The spheroid projection on the XZ plane rocks back and forth about the Z axis to a maximum angle xz , 3 where tan xz ϭCa r . ͑4͒ a͒ Electronic mail: klingen@neep.engr.wisc.edu xz approaches /2 as C→ϱ, where the fiber rotates entirely in the XY plane. The spheroid projection on the Y Z plane also rocks back and forth about the Z axis, to a maximum angle yz ϭtan Ϫ1 C. While the spheroid rotates in its elliptic orbit, it also spins around its major axis with an angular velocity ϭ(␥ /2)cos. Experimentally monitoring is very challenging. A more accessible measure is the number of axial spins, n, completed during one rotational period 4 6 showed that Jeffery's analysis is valid for any axisymmetric particle. For axisymmetric shapes other than prolate spheroids, however, the aspect ratio is replaced by an equivalent aspect ratio a r e defined in terms of the actual period T via Eq. ͑3͒. Chwang 7 showed that Jeffery's analysis also applies for prolate spheroids in quadratic, paraboloidal flows, provided that the shear rate ␥ is replaced by the ambient shear rate evaluated at the particle center. Yarin et al. 8 , however, have recently shown that some nonaxisymmetric elongated bodies deviate from Jeffery's predictions, exhibiting chaotic orientation dynamics.
The dynamics of flexible fibers are significantly more complicated. Much of the current knowledge of flexible fiber dynamics has come from the experimental observations of Mason and co-workers. 4, 9, 10 Arlov et al. 9 divided their experimental observations of flexible fiber dynamics into three classifications.
͑i͒
Group 1 ͑''flexible spin''͒. Fibers nominally oriented along the vorticity axis spun about this axis, and bent into arcs. The maximum curvature occurred when the plane of the arc was in the XZ plane, and the minimum curvature occurred when the arc was in the Y Z plane. ͑ii͒ Group 2 ͑''flexible spin-rotation''͒. Here fibers exhibited the flexible spin defined above, superimposed on an elliptic orbit. The likelihood of this motion decreased with increasing flexibility. ͑iii͒ Group 3. This most common classification was divided into three sub-groups. All fibers in this class nominally aligned with the X axis when rotating through the XZ plane.
Group 3A ͑''springy rotations''͒. While rotating in the XY plane, a fiber bent like a leaf spring when the ends were in the second and fourth quadrants, and straightened out when aligned with the flow.
Group 3B ͑''snake turn''͒. We refer to this type of motion as a U turn. This type of dynamics was exhibited by more flexible fibers than those in group 3A. Initially, these fibers were aligned along the X axis and appeared straight when viewed along the Y axis. One end would start bending in the XY plane, and the bend would move from the leading end of the fiber to the other, then straighten out in the course of a half period. For longer fibers, the leading end would start bending again before the fiber straightened out.
Group 3C ͑''S-turns''͒. These types of motions were observed for fibers whose major axes had a slight curvature in the XZ plane when aligned with the X axis. Starting from this orientation, both ends would start bending in opposite directions. The fiber would form an S shape when viewed along the Z axis, and a loop when viewed along the Y axis. We refer to this as an S-loopturn. Arlov et al. observed that some very uniform fibers would bend to form an S shape entirely in the XY plane. We call this a pure S-turn.
Arlov et al. 9 also observed that rigid fibers rotated in periodic orbits with constant C, but that for flexible fibers in Couette flow, the orbit constant drifted with time. For small C, the fibers tended to drift toward Cϭ0, while for large C, the fibers tended to drift toward Cϭϱ. However, for a given initial orbit constant, drift was not always in the same direction, nor was the drift always monotonic. The authors speculated that the initial fiber orientation may play a role in the orbit constant drift. The fibers tended to reach their ultimate orbits at a rate that depended on the initial orientation.
Forgacs and Mason 4 examined the hydrodynamic forces acting to deform extensible flexible fibers in simple shear flow. The axial hydrodynamic force on a straight fiber at a constant shear rate was approximated as FϭconstantϫM , where the orientation factor M is For Cϭϱ, the maximum compressive force occurs when the fiber is aligned with the principal axis of compression of the simple shear flow (ϭϪ45°). As the orbit constant decreases, the maximum compressive force decreases and shifts toward orientations in the XZ plane. This suggests that the dynamics of flexible fibers, particularly the bending and twisting motions, are expected to depend on the fiber orientation and conformation. Investigations of flexible fibers are well-suited for simulation methods. Yamamoto and Matsuoka 11-14 developed a method for simulating such fibers in shear flow, where the fiber is modeled as a chain of rigid spheres connected through springs, with potentials to mimic resistance to bending and twisting. Chain connectivity is maintained by constraints, producing equations that must be solved iteratively and simultaneously with the equations of motion. This method has been shown to reproduce certain dynamics of isolated fibers 11 , and has been employed to investigate the single fiber contribution to the suspension viscosity 12 , flowinduced fiber fracture of isolated fibers 13 , and fiber suspension behavior 14 .
In a previous paper 1 , we presented a different particlelevel simulation method for the structural evolution of flexible fiber suspensions in shear flow. The fiber model is similar to that used by Yamamoto and Matsuoka 11 , except that the fiber was modeled as an inextensible chain of rigid prolate spheroids connected through ball and socket joints. This model eliminates the need for iterative constraints to maintain fiber connectivity, and can represent large-aspect ratio fibers with relatively few bodies. These features help to reduce computations, facilitating simulation of concentrated suspensions 1 . The purposes of the present paper are to verify that the model developed in Ref. 1 reproduces a wide variety of theoretical predictions and experimental observations of flexible fiber dynamics as described above, and to illustrate the complicated dynamics of flexible fibers. In Sec. II, the fiber model and simulation method presented in Ref. 1 is briefly reviewed. Inertia and hydrodynamic interactions between beads are neglected, but hydrodynamic interactions with the bounding surfaces are included in certain cases. Simulation results are presented in Sec. III. In Sec. III A, we show that the fiber model accurately reproduces numerous features of Jeffery's analysis for stiff fibers. In Sec. III B, we illustrate that this fiber model can accurately simulate the ''polevaulting'' motion of stiff fibers near rigid bounding surfaces, but that the results depend sensitively on the short-range interactions between the fiber and the surface. In Sec. III C, we describe simulation results for the motion of isolated flexible fibers in shear flows. In contrast to Jeffery's analysis for rigid fibers, flexible fiber orbits drift, and the orbit period depends on the fiber orientation. The configurational dynamics of these model fibers closely follow those observed experimentally by Arlov et al. 9 Finally, the main conclusions from this work are summarized in Sec. IV.
II. MODEL AND SIMULATION METHOD

A. Fiber model connectivity
The fiber is composed of N rigid bodies connected by N hinges as illustrated in Fig. 2 . Arbitrarily shaped rigid bodies can be employed in the general method presented here, but for simplicity, we restrict attention to spherical beads of diameter ͑radius a). NϪ1 of the hinges are real, with one fictitious hinge connecting the fiber to a reference frame. The degrees of freedom in each hinge may be varied between 0 and 6; for the NϪ1 real hinges, we use ball and socket joints, each having 3 rotational degrees of freedom and thus limiting our model to inextensible fibers. The fictitious hinge coupling the fiber to the reference frame possesses 6 degrees of freedom allowing the fiber to translate and rotate freely.
The fiber connectivity and kinematics, described by the methods discussed by Wittenburg 15 , have been presented in detail in Ref. 1 . Here we outline the features pertinent to this paper. Bodies are referred to with greek indices (,,,, . . . ϭ1, . . . ,N) and hinges are referred to with latin indices (a,b,c, . . . ϭ1, . . . ,N). The interconnected fiber model is described by sets of vertices ͑the rigid bodies͒ and directed arcs ͑the hinges͒. Arc a emanates from vertex i ϩ (a), and is directed toward vertex i Ϫ (a). For the linear collection of beads considered here, these integer functions are i ϩ (a)ϭaϪ1, and i Ϫ (a)ϭa. Body 1, termed the base, is connected to the reference frame through the fictitious hinge; body N is termed the tip. The integer functions i ϩ (a) and i Ϫ (a) give the indices of the body inboard ͑towards the base͒ and outboard ͑away from the base͒ of the hinge, respectively.
The elements of the connectivity matrix S and its inverse, the topology matrix T, are defined by The two matrices are related through the identities
where ␦ is the NϫN identity matrix.
B. Kinematics
For convenience, the fiber kinematics are described in terms of three sets of body-fixed vectors. The first set of vectors, c a , connect the center of mass of body to hinge FIG. 2 . A portion of a model fiber, illustrating the geometry of the fiber subunits. A massless rod with a ball at one end and a socket at the other passes through the center of mass of a sphere. The rod is positioned so that the ball and socket protrude distances of 1 and 2 from the sphere surface, respectively.
a, if hinge a is attached to body ; otherwise c a is zero. The connectivity of two contiguous bodies is described by the vector equation
where r is the position of the center of mass of body . Using the connectivity matrix S, these constraint equations may be combined into a single matrix equation,
where rϭ͓r 1 •••r N ͔ † , 1 N is an Nϫ1 matrix of ones, and C is an NϫN matrix with vector components C a ϭS a c a ͑the superscript † denotes the transpose͒. Premultiplying Eq. ͑10͒ with T † and using Eq. ͑8͒, the bead positions may be expressed as
where we have introduced a second set of body-fixed vectors It is convenient to change the frame of reference in Eq. ͑11͒ from the reference frame to the fiber center of mass using
where R is the position of bead relative to the fiber center of mass, r cm . Substituting Eq.͑12͒ into Eq.͑11͒ and premultiplying by the NϫN matrix m (m ϭ␦ Ϫm /m f , where m and m f are the masses of bead and the fiber, respectively͒, the bead positions relative to the center of mass are
where the third set of body-fixed vectors are b ϭϪ͕C•T•m͖ . Substituting Eq. ͑13͒ into Eq. ͑12͒, the absolute particle positions are expressed
The translational velocity of body is
where is the absolute angular velocity of body . The absolute angular velocity of body is related to the relative angular velocities of the other bodies through the matrix T,
where ⍀ a is the angular velocity of the body outboard of hinge a relative to the body inboard of hinge a.
The transformation between the reference frames of two contiguous bodies connected by hinge a is given by e i ϩ (a) ϭG a •e i Ϫ (a) , where e i ϩ (a) and e i Ϫ (a) are the matrices whose columns are the Cartesian base vectors of the bodyfixed reference frames of the two bodies connected by hinge a. The orthogonal transformation matrix G a is given in terms of Euler parameters in Refs. 1 and 15.
C. Dynamics
The free body diagram for bead is shown in Fig. 3 . F is the resultant external force acting through the center of mass, M is the resultant external torque, X b and X c are the internal constraint forces in joints b and c respectively, and Y b and Y c are the resultant internal torques in the corresponding joints.
Linear momentum balance
Newton's second law for bead takes the form
where r is the translational acceleration of bead . The resultant external force is a combination of hydrodynamic forces F (h) , and interparticle forces F (p) . Body forces may also be included, but are ignored in this investigation.
Neglecting hydrodynamic interactions between different beads, as well as fluid inertia, the hydrodynamic force on bead suspended in a Newtonian fluid may be expressed
where ṙ and U ϱ are the translational velocity of bead and the ambient fluid velocity at the center of mass of bead . The hydrodynamic translation resistance tensor t , described in more detail below, may be anisotropic and position dependent.
The interparticle force F (p) describes any intrafiber interactions such as colloidal forces and short-range repulsion ͑i.e., excluded volume͒, as well as repulsion from system boundaries ͑only single fibers are considered in this paper͒. The intrafiber force is represented here by a short-range function of the form 
where F 0 is the magnitude of the short-range repulsive force, and e ϭ(r Ϫr )/͉r Ϫr ͉ is the unit vector along the line joining the centers of beads and . The excluded volume interaction with the system boundaries is expressed similarly,
where h is the normal distance between the center of bead and the bounding surface, ␦ shi f t is a shift factor for the repulsive force ͑discussed below͒, and n b is the surface normal of the boundary with which bead is interacting.
Inserting Eq. ͑15͒ into Eq. ͑18͒ and substituting into Eq. ͑17͒, the motion of the fiber center of mass is obtained by summing the resulting set of translational equations of motion for each bead. Neglecting inertia,
where µϭ͕͚ ϭ1
As the translational resistance tensors and the ambient fluid velocity profile will be specified, Eqs. ͑15͒ and ͑21͒ express the bead and center of mass translational velocities, respectively, in terms of the bead positions and absolute angular velocities. The angular velocities are determined by the angular momentum balance described below.
Angular momentum balance
The angular momentum balance for body is
where Ḣ is the time rate of change of angular momentum of bead . The resultant external torque M is a combination of the hydrodynamic torque M (h) , and torques produced by external moments or interparticle forces not acting through the bead center of mass, M (p) . If inertia is again neglected, the hydrodynamic torque acting on bead in a Newtonian fluid with vorticity ⍀ ϱ at the bead center of mass may be represented by
The hydrodynamic rotation resistance tensor r will be described below.
Fiber bending and twisting elasticity is incorporated into the model through resultant internal torques in the joints, Y a (aϭ2, . . . ,N). Bending and twisting torques are defined independently and superposed. The bending torque, Y a (B) , defined in terms of the angle a between vectors c i ϩ (a)a and Ϫc i Ϫ (a)a , is assumed to be proportional to the difference between this angle and its equilibrium value
where
is the unit vector normal to the plane of bending, and a is given by
describes the bending stiffness of the fiber, and is related to the bending stiffness of an equivalent elastic cylinder ͑Young's modulus E, moment of inertia I, and radius a) for small deformations via k (B) ϭ(EI)/(2a). The twisting torque Y a (T) is defined in terms of the twist angle a between two contiguous bodies about the axis defined by c i ϩ (a)a , and is again assumed to be proportional to the difference between a and its equilibrium value a eq ,
where n pt ϭc i ϩ (a)a /͉c i ϩ (a)a ͉. In order to calculate the twist angle, the body-fixed unit vector u i ϩ (a)a directed along the x axis of the local coordinate system attached to body i ϩ (a) is employed. The angle a is given by
The torsional rigidity of the fiber k (T) is related to the torsional rigidity of an equivalent elastic cylinder ͑shear modulus G, polar moment J) for small deformations via k (T) ϭ(GJ)/(2a). The above relations for the hinge torques are assumed to hold for all deflections. Nonuniform fiber properties may be modeled by allowing k (B) and k (T) to vary along the fiber. Permanent deformations may be modeled by altering a eq and a eq . For a straight, nontwisted fiber, a eq ϭ0 and a eq ϭ0. Neglecting bead inertia, the angular momentum balance reduces to
The constraint forces appearing in Eq. ͑26͒ are eliminated by rewriting the N vector equations in Eq. ͑17͒ in matrix form ͑neglecting inertia͒, solving for the constraint forces, and substituting the result into Eq. ͑26͒. Further substituting Eq. ͑18͒ for the hydrodynamic force, and Eq. ͑15͒ for the bead translational velocities, yields
where matrices ã are defined ã i j ϭϪ⑀ i jk a k , where ⑀ i jk is the permutation operator. Eq. ͑27͒ represents a coupled set of linear vector equations. Since Z and t are functions of only the bead positions and orientations, Eq. ͑27͒ can be solved numerically for the absolute bead angular velocities. The dynamic simulation algorithm consists of using the solution for the absolute angular velocities to update the bead positions and orientations. Using the relative angular velocities ⍀ determined from Eq. ͑16͒, the time derivatives of the Euler parameters may be computed via
͑30͒
The Euler parameters give the orientation of body relative to body Ϫ1, and thus the relative angular velocities must be transformed to the local coordinate system of body . The bead orientations are updated via numerical ͑Euler͒ integration of Eq. ͑29͒. The Euler parameters should be periodically normalized during the simulation to prevent propagation of computer round-off error. The fiber center of mass is updated by numerical ͑Euler͒ integration of Eq. ͑21͒, and the bead positions are updated directly through their relationships with the bead orientations,
Dimensionless variables are obtained by choosing time, length and force scales. In this work, the length scale is the bead diameter, ϭ2a, the time scale is the inverse of the characteristic shear rate, ␥ Ϫ1 , and the force scale is the characteristic hydrodynamic force, 2 0 ␥ ( 0 is the continuous phase viscosity͒. Dimensionless variables will be indicated with a superscripted asterisk.
D. Hydrodynamic resistance tensors
In the limit of zero particle Reynolds number, Re ϭa 2 ␥ / 0 , the hydrodynamic resistance tensors t and r are functions of all the bead positions as well as the positions of the bounding surfaces. For isolated spheres, these tensors are t ϭ6 0 a␦, ͑32͒ r ϭ8 0 a 3 ␦.
͑33͒
At finite separations between the beads and between the beads and the walls, these expressions are modified by hydrodynamic interactions [16] [17] [18] . In this study, we ignore hydrodynamic interactions between beads, but in some cases ͑discussed below͒ approximate the hydrodynamic interaction between each bead and a bounding surface. We employ asymptotic far-field or nearfield forms for the interactions [16] [17] [18] , depending upon the relative separation between the bead and the wall. Choosing the y axis normal to the wall, the resistance tensors are expressed t ϭ6 s a
with the scalar functions ʈ t , Ќ t , ʈ r and Ќ r given by
Here, ⑀ b ϭ(h Ϫa)/a, where h is the distance between the center of sphere and the wall. The crossover separations ⑀ ʈ t , ⑀ Ќ t and ⑀ ʈ r are 0.941374, 0.034382, and 0.122728, respectively.
E. Flow fields
Two different flow fields are investigated in this paper: a simple shear flow driven by a moving upper plate,
and a parabolic pressure-driven shear flow, 
III. RESULTS
A. Stiff fibers in unbounded flow
Simulations in unbounded flows were performed for fi- . The dimensionless period T␥ is plotted as a function of aspect ratio a r ϭ1ϩ(NϪ1)*(1ϩ 1 *ϩ 2 *) in Fig. 4 , along with Jeffery's predictions and experimental data reported by Trevelyan and Mason 3 for bundled glass fiber cylinders. The period is independent of orbit constant, and identical for simple shear and parabolic velocity profiles, as predicted. No visible drift in the period or orbit constant was observed during the simulations. We will return to this issue in Sec. III C, where the drift is investigated as a function of bending stiffness.
The simulated periods in Fig. 4 increase with aspect ratio in a manner qualitatively similar to Jeffrey's predictions and the experimental data. Quantitative differences arise from two different features. First, different shapes ͑e.g., prolate spheroids, cylinders, etc.͒ produce different orbit periods, and thus chains of osculating bodies should not have the same period as a single prolate spheroid of the same aspect ratio. Using an approximate analysis, Burgers 19 found that periods of long, blunt-ended cylinders were about 26% smaller than those of prolate spheroids of the same aspect ratio. Using boundary integral methods to accurately determine the rotational motion of rigid, elongated bodies, Ingber and Mondy 20 found that the rotational period of a bluntended cylindrical rod was about 20% less than that of a prolate spheroid of the same aspect ratio. Second, our simulations neglect hydrodynamic interactions between the beads. The relative contributions of these two features in the deviation of the simulated periods from those of prolate spheroids is not known.
The equivalent aspect ratio of a fiber, a r e , is found by substituting the experimental or simulated value for T␥ into Eq. ͑3͒. The ratio a r e /a r is commonly reported, and a value of Ӎ0.74 is expected for long cylinders 19 . Experiments with real fibers 3, 5 show that a r e /a r decreases with increasing a r . This trend is also observed in our simulation results, illustrated in Fig. 5 , where a r e /a r is plotted as a function of a r for ͕ 1 * , 2 * ͖ϭ͕0.1,0.1͖ and ͕0.1,0͖. The equivalent aspect ratio is identical for simple shear and parabolic velocity profiles, but depends on the details of the fiber model ͑e.g., the values of 1 * and 2 *).
Simulated fiber orbits are again compared to Jeffery's predictions in Fig. 6 , where the trajectories of the normalized end-to-end vectors ͑open circles͒ are plotted for Cϭ0.05, 0.1, and 0.5. The solid curves are Jeffery's predictions for an aspect ratio equal to the equivalent aspect ratio of the simulated fiber. The agreement is excellent, implying that hydrodynamic interactions influence the value of the equivalent aspect ratio, but not the trajectories.
The comparison between the simulation results and Jeffery's analysis for stiff fibers with Nϭ15 and 1 * , 2 *ϭ0.1 is summarized in Table I for a series of orbit constants.
B. Stiff fibers near a bounding surface
Stover and Cohen 21 investigated the behavior of single rigid fibers near a plane wall in a pressure-driven Hele-Shaw flow, in both Newtonian and non-Newtonian liquids. Fibers whose elliptic orbits would penetrate the wall performed a ''pole-vault,'' with the fiber center of mass translating irreversibly to approximately one half of a fiber length away from the wall ͑for CϷϱ). The orbit period for fibers close to the wall increased, which was reported as an apparent increase in a r e /a r . Examination of and suggested that the slowdown was uniform in time.
Since such irreversible fiber dynamics arise from nonhydrodynamic forces, simulations in simple shear flow (H/ϭ50) with three different treatments of the fiber-wall interaction were performed. First, the wall interaction included only a short-range repulsive force ͓Eq. ͑20͒ with ␦ shi f t ϭ0], neglecting hydrodynamic interactions between the beads and the wall. Fiber parameters were Nϭ15, k (B) *ϭ2500, k (T) */k (B) *ϭ2/3, 1 ϭ0.0, 2 ϭ0.1, and F 0 *ϭ1.0. This produces pole-vaulting, but no period slowdown. Sequences of fiber snaphots during pole-vaulting simulations are illustrated in Fig. 7 . We note that when the fiber end is close to the wall, the fiber bends significantly more than in unbounded shear flow. This is due to a large compressive axial force arising from the repulsion from the wall.
In the second treatment, hydrodynamic interactions between the beads and the wall were added to this repulsive force. Hydrodynamic interactions between the beads were not included. Using this approach, the fiber does not polevault irreversibly as observed experimentally ͓Fig. 7͑b͔͒. The fiber bends even more than in the first treatment, due to a larger compressive axial force resulting from hydrodynamic lubrication at the wall. As the fiber completes a rotation of 180°, it does not translate to half of a fiber length away from the wall, but rather continues to rotate toward the wall. This suggests that the relative contribution of our approximation for hydrodynamic interaction to the fiber motion is too large. Bossis and Brady 22 observed that the character of shortrange repulsive forces can have a significant influence on the structure and dynamics of suspensions of spherical particles. In particular, for sufficiently short-range repulsive forces, the suspension structure was controlled by lubrication forces; when the range of the repulsive force was increased sufficiently, the structure changed, apparently by attenuating the lubrication forces. To further investigate the influence of the short-range repulsive force on pole-vaulting, a third treatment was employed where the short-range repulsive force was altered by varying the value of ␦ shi f t in Eq. ͑20͒ ͑and equivalent to the second treatment in all other respects͒. A value of ␦ shi f t ϭ0.05 was sufficient to observe both polevaulting and period slowdown ͓Fig. 7͑c͔͒. This treatment was employed for all other investigations. The simulated values of a r e /a r are shown in Fig. 8 as a function of the distance between the fiber center of mass and the bounding surface, d
cm . Experimental data from Refs. 21 and 23 are also included in the figure. The simulations agree fairly well with the experimental results.
It is tempting to ascribe the ability of a small value of ␦ shi f t to reproduce experimental observations to an effect of fiber and wall surface roughness on the lubrication forces. Indeed, for real fiber diameters on the order of 10 Ϫ5 m, ␦ shi f t ϭ0.05 corresponds to a length scale of 500 nm, on the order of roughness dimensions for many surfaces. However, we note that our simulations only use an approximation to the many-body hydrodynamic problem, and our model fiber differs from real fibers, especially near the ends. At this stage, we can only state that fiber dynamics near a solid surface are sensitive to the nature of the wall interactions.
More conclusive statements about the role of surface roughness require more realistic fiber model shapes, and more accurate treatments of the short-range forces. Depending on the initial orbit constant and center of mass, the fibers pole-vault into orbits with larger or smaller orbit constants. The displacement of the center of mass away from the wall is typically accompanied by a displacement in the vorticity direction. The lateral displacement was larger for fibers pole-vaulting into smaller orbit constants than those pole-vaulting into larger orbit constants. The displacement also increased with decreasing separation between the center of mass and the wall. Such effects have yet to be investigated experimentally, but could be of interest when considering fiber dynamics and suspension structure near walls.
The deviation in rotation rate in pole-vaulting simulations, relative to the same fiber in unbounded flow, is plotted as a function of in Fig. 9 (Cϭϱ). The fiber rotation rate decreases as it aligns with the flow, relative to that of a fiber in unbounded shear flow. This is consistent with Ingber and Mondy's 20 boundary element simulations of a spheroid in shear flow near both shearing surfaces. Although our simulated rotation rates, averaged over a period, indeed show an increase in the orbit period, the observed slowdown is nonuniform, in contrast to the experimental observations of Stover and Cohen 21 . The discrepancy may arise from our approximate hydrodynamic interactions, or from differences in the nonhydrodynamic interactions between the fiber and wall. cluded, ␦ shi f t ϭ0.05. In ͑c͒ the pole-vault is essentially complete during the first half period, but the fiber center of mass oscillates for several periods. This is expected since the fiber continues to interact hydrodynamically with the wall. Peak oscillations are pronounced for ϭ0°and ϭ180°, indicating that lubrication is the dominant factor. If ␦ shi f t is increased, the oscillations and the fiber curvature are reduced. Oscillations are likely too small ͑amplitude Ϸ0.2) to be seen experimentally. 
C. Flexible fibers
Flexible fibers exhibit more complicated dynamics than rigid fibers. In this section we restrict our attention to ideal flexible fibers in unbounded shear flows (H/ϭ25), composed of Nϭ15 spheres with 1 ϭ 2 ϭ0.1 (a r ϭ17.8), and varying k (B) * (k (T) */k (B) *ϭ2/3; F 0 *ϭ1.0). We examine the orbital drift, the transient orbit period, and the classification of configurational dynamics.
Orbital drift
Recall the following main features of the rotation of rigid, axisymmetric particles: the orbits are stable, and the dimensionless period T␥ does not depend on C or ␥ . In contrast, we find that flexible fiber orbits are, in general, not stable, and that T␥ depends on both C and ␥ .
Orbital drift is illustrated in Fig. 10 , where the trajectory of the normalized fiber end-to-end vector is plotted in three dimensions for two different initial orientations. These simulations were started with straight fibers in the XZ plane, with an initial orbit constant C 0 . For C 0 ϭ0.05, the orbit drifts slowly toward Cϭ0 ( xz ϭ0). For C 0 ϭ0.2, the orbit drifts more rapidly toward Cϭϱ ( xz ϭ90°), approaching an orbit entirely within the XY plane. This is consistent with the experimental observations of Arlov et al. 9 who reported a tendency for fiber orbits to drift toward Cϭ0 or ϱ, with intermediate values occasionally observed.
The concept of orbit constants is ill-defined for flexible fibers whose geometries vary with time. We characterize the orbital drift for flexible fibers with the rock angle xz , defined as the angle between the fiber end-to-end vector and the Z axis, as the end-to-end vector passes through the XZ plane. This is equivalent to the definition employed by Arlov et al. 9 Apparent orbit constants can then be defined using Eq.
͑4͒ with an equivalent aspect ratio. Although the meaning of this orbit ''constant'' is unclear for a flexible fiber, it does serve to discriminate between orbits lying nominally in the XY plane (Cӷ1) and those fibers rotating with their major axes near the Z axis (CӶ1). The orbital drift of fibers with different k (B) * is illustrated in Figs. 11͑a͒ and 11͑b͒ for simple and parabolic shear flows, respectively, where the rock angle xz is plotted as a function of the rotation period. Again, simulations were started with the fiber straight in the XZ plane. For k (B) *р50 in simple shear flow, the fibers drifted toward one of two preferred orientations. For C 0 Ͻ0.06, fibers drifted toward smaller C; for C 0 Ͼ0.1, fibers drifted toward larger C. For all C 0 , the drift rate increases with decreasing k (B) *. Drift toward smaller C (C 0 Ͻ0.06) is slower than the drift toward larger C. This dependence of drift rate on stiffness and drift direction was also observed by Arlov et al. 9 The strong correlation between drift rate and stiffness is expected, since rigid fibers should not drift. Flexible fibers at large C experience large axial hydrodynamic forces, and the resulting deformations allow the orbit to drift. Fibers at smaller C remain relatively straight, since the axial forces are smaller ͓Eq. ͑6͔͒, and the drift rate is therefore reduced.
Arlov et al. 9 , however, found that the fibers drifted to their ultimate orientations faster than we observe in the simulations-within 1 period for larger orbit constants, and within about 20 periods for smaller orbit constants. The differences between their observations and our simulations may arise from differences in fiber flexibility, aspect ratio ͓Arlov et al. employed fibers with a r ϳO (10 2 )], or shear rate. Determining drift rates for large aspect ratios is computationally expensive ͑when the beads are spheres͒, and thus is postponed for future publications.
Fibers in simple shear flow that drift toward larger C do not drift completely into the XY plane ͓Fig. 11͑a͔͒. As discussed below, the orbit fluctuations near xz ϭ90°are asso- FIG. 9 . Deviation of the rotation rate of a simulated fiber ( sim ; Cϭϱ) from that predicted by Jeffery's analysis for the same equivalent aspect ratio ( eq ). The fiber is aligned with the flow when ϭ90°. Stiffer fibers (k (B) *у200) rotate like rigid rods when C 0 ϭϱ, and exhibit very slow drift for finite values of C 0 . For k (B) *ϭ2500 and C 0 ϭ0.1, the drift in xz is less than 0.28°during the first 10 periods, which may in part be due to round-off error. Although fibers with k (B) *ϭϱ have not been simulated, the trend clearly suggests that fibers appear to rotate in stable orbits in the limit as k (B) *→ϱ.
Flexible fibers in parabolic shear flow exhibited similar trends, with a few exceptions ͓Fig. 11͑b͔͒. For k (B) *Ͻ50, fibers with C 0 Ͻ0.1 and C 0 Ͼ0.2 drift toward smaller and larger C, respectively. Fibers that drift toward larger C drift completely into the XY plane ( xz ϭ90°). Thus, in contrast to the predictions by Chwang 7 for rigid prolate spheroids, flexible fiber dynamics depend on the ambient flow.
The dependence of drift on k (B) * and C 0 is summarized in Table II for fibers in simple and parabolic shear flows.
Orbit period
T␥ is plotted as a function of the number of periods in Figs. 12͑a͒ and 12͑b͒ for simple and parabolic shear flows, respectively, for fibers with different stiffnesses and initial orientations. Several general trends for the behavior as t→ϱ are discernible. Dimensionless periods for large C are smaller than those of rigid fibers, and they decrease with decreasing k (B) *. This is consistent with the observation for rigid fibers that T␥ decreases with decreasing aspect ratiothe effective aspect ratio of a flexible fiber bent in the XY plane is smaller than its nominal value. Fibers at small C have dimensionless periods larger than those of rigid fibers, which increase with decreasing k (B) *.
During drift, T␥ does not always vary monotonically with time, especially for fibers drifting toward larger C in simple shear ͓Fig. 12͑a͔͒, and those that settle into intermediate orbit constants. For C 0 ϭ0.1, a fiber with k (B) *ϭ50 in simple shear drifts slowly toward Cϭϱ ͓Fig. 11͑a͔͒. Although the trend suggests that its period will eventually decrease below that of a rigid fiber, T␥ is still slightly greater 
Classification of configurational dynamics
Configurational dynamics observed for flexible fibers can be described in terms of the classifications defined by Arlov et al. 9 Examples of various orbits are illustrated in Figs. 13-17 , where snapshots of the fiber projection onto the Y Z, XZ, and XY planes are shown during one half of an orbit, with time increasing from left to right.
Flexible fibers with small C exhibit flexible spin-rotation orbits ͑Group 2͒ for both simple and parabolic shear flow. Deformation is minimal, as expected, since axial hydrodynamic forces are small. Furthermore, for such fibers rotating with small orbit constants, the extent of deformation depends only weakly on xz and k (B) *. We have not observed Group 1 dynamics ͑flexible spin͒ for the range of flexibilities and the aspect ratio investigated. 
IV. CONCLUSION
In this paper, we presented simulation results for the motion of flexible fibers modeled as rigid spheres connected FIG. 13 . Springy rotation ͑Group 3A) configurational dynamics exhibited by relatively stiff fibers (k (B) *ϭ70) rotating in Cϭϱ orbits. These snapshots ͑as well as those in following figures͒ are for the last half-period in a simulation to a shear strain of 1900 ͑evaluated at the fiber center of mass͒. The behavior, depicted here for simple shear flow, is the same in simple and parabolic shear flows. by ball and socket joints. Resistance to bending and twisting was included through potentials prescribed in the joints. The purposes of this paper were to verify that this model accurately reproduces known results for fiber dynamics, and to illustrate the complicated dynamics of flexible fibers. Simulations of isolated stiff fibers reproduced such features of Jeffery orbits as orbit stability, the dependence of T␥ on only the a r ͑independent of ␥ and C), and trajectories identical to those of prolate spheroid of the same equivalent aspect ratio. Orbit periods were unchanged in parabolic shear flow, as predicted by Chwang 7 . Simulations of stiff fibers pole-vaulting near a bounding surface qualitatively reproduced experimental observations of Stover and Cohen 21 . Fiber trajectories are very sensitive to the short-range interactions between a fiber and a bounding surface. This suggests that very detailed knowledge and modeling of the fiber shape ͑especially at the ends͒ and interactions are required to quantitatively reproduce experimental observations.
In contrast to rigid fibers, flexible fiber orientations drift in simple and parabolic shear flows. Fibers at relatively small C 0 drift toward Cϭ0, while fibers at relatively large C 0 drift toward Cϭϱ. The drift direction and rate depends on k (B) *, C 0 orientation, as well as the ambient flow field. A wide variety of configurational dynamics are observed, which also depend on k (B) *, C 0 , and the ambient flow field. These results agree with the experimental observations of Arlov et al. 9 Hydrodynamic interactions between the beads within a fiber were neglected in this study to reduce computation time. Including them will certainly quantitatively alter the results. Interestingly, simulations of rigid fibers reproduce almost all aspects of isolated rigid fiber motion when these interactions are neglected. Hydrodynamic interactions are apparently only required to accurately determine the orbit period, or equivalently, the equivalent fiber aspect ratio. The influence of hydrodynamic interactions on flexible fiber dynamics is unknown.
Hydrodynamic interactions are but one feature that has been neglected in this study. Real fibers, especially wood pulp fibers, are often not straight ͑permanently deformed͒, their stiffnesses are not uniform along the contour, their cross-sections are not circular or uniform, and they can have fibrils and other asperities extending from their surfaces. Each of these features will influence flexible fiber dynamics to some extent, and each must be examined to accurately describe the behavior of real fibers.
Flexible fiber dynamics have practical relevance in several areas, and the results presented here help to illustrate how flexibility can impact processes. Fiber flocculation ͑e.g., in wood fiber suspensions͒ arises from fiber entanglement in flowing liquids 24, 25 . The aggregate strength is believed to be dominated by the elastic forces exerted by deformed fibers within the flocs [26] [27] [28] [29] . Fiber collisions, entanglement, and deformation within flocs will certainly depend on fiber conformational dynamics. The properties of fiber reinforced composites depend on the fiber orientations, which have been shown here to depend on such variables as fiber flexibility. Simulation methods are attractive tools for studying such problems, where configurational complexities effectively prohibit analytical treatments. 
